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ABSTRACT: We present an equilibrium theory of blends incorporating diblock copolymers in which one
of the copolymer blocks is crystallizable and the other is amorphous. The material is assumed to order in
a lamellar structure of alternating semicrystalline and amorphous layers with the chemical bonds which connect
the copolymer blocks lying in the interfacial regions between the layers. The amorphous blocks are modelled
as flexible chains, each with one end (the joint) anchored in an interface. Their contribution to the free energy
is calculated via the self-consistent solution of the madified diffusion equations. The crystalline regions are
modelled as folded chains, also with one end in an interfacial region (bonded to the corresponding end of
an amorphous block). In this paper, we specialize to the case of pure copolymer. We find that the calculated
amorphous block free energies can be expressed as a single universal function depending on the total degree
of polymerization of the amorphous block, its stretching, and a parameter proportional to the thickness of
the interface. We have fitted an analytical form to this function, which can be used for any amorphous block,
and we have combined it with our model of the crystallizable block to obtain an analytic expression for the

lamellar thickness. As an example, the theory is applied specifically to PEO-block-PS copolymers.

1. Introduction

Block copolymers, one of whose components is crys-
tallizable (for example, polyethylene oxide) while the other
component is noncrystallizable (such as atactic poly-
styrene), have been studied extensively'™!! and shown to
possess equilibrium lamellar structures which can be ob-
tained by annealing, usually in the presence of a prefer-
ential solvent for the amorphous domains. Unlike crys-
tallizable homopolymers, where the chain folding is met-
astable, folding of the partly crystallizable blocks of co-
polymers exists at equilibrium, in which case it is governed
by a balance of the thermodynamic forces between the
crystalline and amorphous domains.!? It is the purpose
of this paper to give a detailed account of the origin of the
various contributions to the overall free energy of such a
svstem, thereby arriving at a theory of the equilibrium
state. We carry out this program by further developing
the statistical mechanics of inhomogeneous multicompo-
nent polymeric systems, along the same lines as Hong and
Noolandi,!? and solving the appropriate mean field equa-
tions for the polymer chain distribution functions.

At first sight, the case of partly crystallizable block co-
polymers (we will assume diblock copolymers and lamellar
morphology for the generic calculation given later) appears
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to be easier to treat than noncrystalline block copolymers,
as we are clearly in the strong segregation limit, with no
interpenetration of blocks and well-defined domain
boundaries. However, the connectedness of the blocks of
the copolymers imposes severe restrictions on the molec-
ular conformations and gives rise to an intimate connection
between the structural properties of the amorphous and
crystalline domains. For example, at a given molecular
weight and composition, compression of the amorphous
domains can be accommodated to some extent by in-
creasing the number of folds in the crystalline domains,
thereby decreasing the average separation of the chain
stems exiting from the crystalline region. The overall
change in the free energy associated with this kind of
molecular rearrangement is one of the main predictions
of our theory. The equilibrium domain sizes are deter-
mined by packing constraints as well as the balance of the
total energy of chain folding in the crystalline domains with
the associated entropic conformational and stretching free
energy of the noncrystallizable blocks in the amorphous
domains.

The theoretical work presented in this paper is also of
general interest for the understanding of the boundary
conditions imposed on the solution of the modified diffu-
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sion equation for the polymer distribution functions near
a wall or abrupt interface. Other applications of this work
are to the case of block copolymers or homopolymers ad-
sorbed on surfaces and to the study of the wetting tran-
sition in a binary polymer mixture adjacent to and inter-
acting with a surface. These topics will be covered in
future publications.

In section 2 we give the general expressions for the free
energy of segregated diblock copolymers, with one crys-
tallizable and one amorphous block, in a multicomponent
system including homopolymers and solvents. Most of the
algebraic details of this section are included in Appendix
A. Section 2 ends with a physical description of the various
contributions to the free energy. Section 3 outlines the
free energy calculation for the one-component system of
diblock copolymers, and the self-consistent solutions of the
modified diffusion equation for the amorphous block
distribution functions are given in section 4. The nu-
merical and analytical techniques required for the solution
are summarized in Appendix B. Section 5 is devoted to
a discussion of the crystalline free energy, and the calcu-
lated results for PEO-block-PS are presented in section
6. A comparison with available experimental data, and
important scaling laws, are given in section 7, and section
8 contains the conclusions. The functional dependence of
the free energy expression for the amorphous region is
discussed in Appendix C.

2. Theory of Multicomponent Systems

In this section, we establish the general theory of the
free energy of diblock copolymers consisting of one crys-
tallizable and one amorphous block, blended with other
components such as homopolymers and /or solvent mole-
cules. In the first stages, we follow very closely the de-
rivation of Hong and Noolandi,'® with appropriate mod-
ifications for the crystallizable component. This is sum-
marized in Appendix A.

We begin here with an expression for the free energy of
the equilibrium morphology relative to a hypothetical
uniform melt

. c_. NZ,
AF = AW - z_[ &Er o (r)p,(r) + LN, In =— -
p x Q.p,
YN¢In e (2.1)
¢ deplZen)
where w,(r) and p,(r) are the mean field and density, re-
spectively, associated with component «, Z, is the degree
of polymerization, and N, is the number of molecules. The
bars over the letters all refer to the reference state, and
Q, and g, are defined in terms of polymer distribution
functions in Appendix A.
The interaction energy relative to the melt is given by

AW = 1/2Z,Umc'fd3r [Px(r)P,((l') - pmax’] -

i 2 3
1520w U [ & o, (0-95,) 22)

The C over the summation sign in eq 2.1 indicates that for
that sum, copolymers are to be treated as single compo-
nents. The last sum in eq 2.1 represents the contribution
from the crystallizable blocks. If all blocks were modelled
as ideal flexible chains (i.e. amorphous copolymers), then
we would have §cp(Zcp) = e “cBcB a5 in eq A.40, and this
sum would vanish.

These expressions are sufficiently general that they
apply to systems containing one or more types of co-
polymers, hence the sum over copolymers in eq 2.1. We
do, however, require all crystallizable blocks to be mutually
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Figure 1. Lamellar structure of crystallizable block copolymer
blend. The morphology consists of alternating layers."® One
consists of the amorphous block of the copolymer plus compatible
solvent (open circles). The other consists of the crystallizable block
plus compatible solvent (small crosses). Although not shown,
homopolymer can also be included. At equilibrium, the crys-
tallizable blocks are folded and can in principle extend either
one-half or all the way across the region. There can also be found
amorphous portions of the crystallizable block (as indicated in
the layer on the right). The chemical bonds joining the two blocks
of each copolymer are localized to narrow interfacial regions.

.

Figure 2. Volume fractions for the one-component copolymer
system. The amorphous block is confined to alternating layers
of width d, and the crystallizable block to alternating layers of
width dg. The interfaces are of width a, and the total repeat
distance is d = djy + dg — 2a. At all points, the local volume
fractions sum to unity.

compatible and all amorphous blocks to be so as well.
Consequently, we expect this generality to be most useful
for incorporating polydispersity, whereby molecules of
different molecular weights but composed of the same
chemical species can be treated as separate components.

At this point, we introduce a specific model for the
morphology.!™ As shown in Figure 1, we choose an infinite,
periodic layered structure with a total repeat distance d.
Each layer consists of two sublayers. One contains crys-
talline blocks including compatible solvent, and the other
contains amorphous copolymer blocks, with homopolymers
and/or compatible solvent. All copolymer joints are ran-
domly distributed throughout the narrow interphase re-
gions, each of which has a thickness a. Moving through
the interphase, the amorphous component volume frac-
tions fall smoothly to zero and the crystallizable component
volume fraction rises to unity as shown in Figure 2 for a
pure block copolymer system. At all points, the sum of
all the volume fractions is unity.

Within each layer, the amorphous polymer extends over
a distance d, and the crystalline polymer over a distance
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dg. Each of these includes the interphase region, so the
repeat distance is (see Figure 2)

d=ds+dg-2a (2.3)
If there are N layers, each with a cross-sectional area A4,

the total volume is V = NAd, and the density, distribution
functions, and potentials are periodic, e.g.

g (rt) = q(r + d&,t) (2.4)

where the layers lie perpendicular to the x axis. The
problem becomes one-dimensional, and we have from eq
A9

V Ad
= — ~w(x)
Q. 4 j; dx e (2.5)
for the solvent and from eq A.17
V pd
Q= 5 | dx g2, 2.6)
for the homopolymer, with g, satisfying the one-dimen-

sional diffusion equation. It is convenient to rewrite these
expressions as

Q, = V(dy/d)(e™) (2.7)
Q, = Vlda/d)(qy(Z})) (2.8)
where the averages are over the amorphous region
da
W) = (1/dy) fdx v() (2.9)

and the function being averaged [labeled generically ¥(x)]
is nonzero only throughout the distance d,. The overall
particle densities are given by

5. =NZ/V (2.10)
Combining eq 2.7, A.29, and 2.10, we obtain for the solvent

_d e
(X)) = Fpo —— 2.11
bs(x) = ¢ dx (oo (2.11)

where the macroscopic volume fraction of solvent is ¢, =
N,/ V.

Similarly using eq 2.8 and eq A.30, we get for the hom-
opolymer

ZP
RPIRRN N I RCRIREY A
%4, Z, (@ Zy)
The calculation of the periodic density distribution for the
amorphous layers has therefore been reduced to a one-
dimensional problem in one region of thickness d,.

For the copolymers, we interpret §cg(r,Zcp) as propor-
tional to the probability that the end of the crystallizable
block which is bonded to the corresponding amorphous
block is found in a small volume about the point r. Since
we assume the joints to be randomly and uniformly dis-
tributed throughout the narrow interphase regions, we
have Gcg(r,Zcg) = 0 if r corresponds to a point which is
not in an interphase region and constant for r is inside any
of the interphases. If we label the u interfacial regions by
4,, we can write

Ge(r,Zcp) = Gep(Zep) L A,(r) (2.13)

(2.12)

Pplx) =

where

A =1rEA,
=0,r €A, (2.14)
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Figure 3. Convolution of probability functions for amorphous
polymers.

The integral of the distribution function, eq A.18, then
becomes

Qc = qCB(ZCB)Zf d3ry gca(r,Zca) (2.15)
H Au
and the A block polymer density (eq A.31) is given by

NC- ZCA
poalr) = Q_CQCB(ZCB)j; dt gea(r,t) X

)3 fA d°r; Qea(r,Zoa - tiry) (2.16)

as shown schematically in Figure 3.
From the periodicity of gca, and its symmetry in each
amorphous region, we have

N 1 pa
Q¢ = 2NQCB(ZCB)AGEJ; dx gealx,Zca)

Q¢ = 2V§CB(ZCB)(§)(QCA(ZCA)>G (2.17)

where ( ), denotes an average over the interphase region
of thickness a. For eq 2.16, we introduce new functions

Qe (r,t)
ean(r,t) = .ﬁ ar, Qeaeiry) (2.18)

These satisfy the usual modified diffusion equation, but
with different initial conditions

Gca,(r,0) = A (r) (2.19)

The quantity gca,(r,t) is proportional to the probability
that a chain of length ¢ ends at r given that it starts in A,

In our model, no amorphous block penetrates through
a crystalline region; therefore, in any amorphous layer, the
density pca(r) is due to chains anchored only in the two
adjoining interphase regions. Thus for any point r, only
two terms contribute to the sum. We can now combine
eq 2.16 and 2.17 to obtain

pcalx) = dcar(x) + dcanlx) (2.20)
with
Zea
) = 3 d 1 j; “at goalx,t)qcau(x,Zca — t)
%) = Pop— —
Chw CAdy Zca 2(qca1Zca))

(2.21)

for u = 1 or 2. Here, we have used

a dy
_f; qcal®,Zcy) dx = j; gear(x,Zcy) dx (2.22)
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which follows from the definition of qpa;(x,Zca) given by
eq 2.18. Equation 2.20 shows the decomposition of the
density in each amorphous region into two parts, each
arising from blocks grafted to a side of the region, as shown
schematically in Figure 3. The contribution from each side
is expressed in a form analogous to that for the homo-
polymer except that for the homopolymer both ends are
free, leading to the convolution g,*g,, whereas for the
copolymer block only one end (¢t = 0) is free and the other
end (¢t = Z¢,) is in region u, leading to the convolution
gca*qca,. The overall volume fractions ¢, in eq 2.11, 2.12,
and 2.21 are determined by the molecular weights and
concentrations in the sample.

The expressions for the @, can now be inserted into the
free energy function. Dividing by the total volume, as well
as a reference density p,,, we obtain for the reduced free
energy per unit volume

AF AW | 1 { _ d
= + —3200] S In{ — ) +
porV  porV o por S Po [ ¢ (dA)

1 d ¢s(x) ap d
E"; dx d)s(x) In q_sa ] +§p0p 'Z‘;ln (a)_

¢p 1 d
z. 1 (@) -5 S dx ap0)gy(0) | +
é d é
>c: PocZ—Z In (%) + PoA[“Z_zﬁ:: In (gca(Zca)). -

d
éj; dx wCA(x)¢CA(x)] +

bop . e®sfeagop(Zop)
p| 57— In ———— -
Bl Zes Ges(Zep)

éj;d dx wegl(x)dcp(x) ] ) } (2.23)

Here ¢.* = (d/d,)d, is the average solvent volume fraction
in the amorphous layers. Each of the terms in this
equation has a simple physical interpretation. The first
term represents the change in the interaction energy of the
lamellar structure relative to our hypothetical uniform
melt. The next term refers to the entropy of the solvents.
The first part of this term is due to configurational entropy
loss arising from the overall restriction of the solvent
molecules to a fraction (d,/d) of the total sample volume.
The second part is due to the nonuniform distribution of
solvents within each layer. In the next bracket, the first
part corresponds to the overall restriction of the homo-
polymers to the amorphous regions and the next two
contributions arise from additional conformational and
configurational entropy contributions. For the copolymers
the localization of the joints to the interphases gives rise
to a configurational entropy contribution. Since there are
two interphases in each distance, d, the volume in which
joints are found is a fraction (2a/d) of the total. The last
two lines are the configurational and conformational en-
tropy terms for the amorphous and crystallizable blocks
respectively.

3. Single-Component Copolymer Systems

In the remainder of this paper, we treat one component
systems consisting of diblock copolymers with one
amorphous {CA) and one crystallizable (CB) block, as
shown in Figure 1, but with no solvent. Each ordered
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sublayer is assumed to consist of semicrystalline, chain-
folded CB blocks. As shown in Figure 2, the volume
fraction ¢op(x) is equal to one throughout the interior of
this region and falls smoothly to zero through the bordering
interphases. Similarly, for the amorphous region ¢g,(x)
= 1 in the interior, falling to zero through the interphases
such that ¢cg(x) + ¢ca(x) = 1 throughout. The overall
volume fractions are related to the degrees of polymeri-
zation and pure component densities, e.g.

_ ZcaPos
ZcaPos + Zcppoa

where pgp is the average density of the pure, semicrystalline
CB block

bca (3.1)

1 T

(1-17)
PoB  p%m PP
Here p%g is the density of crystallized CB material, p%g
the density of the amorphous CB material, and 7 the de-
gree of crystallinity.

We assume that the thickness of the interphase is de-
termined by the folds of the CB block. We do not attempt
to calculate it here, rather we investigate its effect by
carrying out free energy calculations for different values
of the interphase thickness a.

For this system, the free energy, eq 2.23, reduces to

AF
'—_V=fcr+fam+floc+fint (3.3)
Poa

using pga as the reference density.

The first term is the crystallization energy of the CB
block, which we identify as the last line of eq 2.23. Rather
than attempt a first principles calculation of this term, we
invoke a chain-folding model and choose

“TAHf + ng E (3 4)
cr pOA kBT pCOB ZCB fold .

(3.2)

Pos ¢cB

Here AH; is the heat of fusion per unit volume of crys-
talline region, n; is the number of folds per molecule, and
E;,q is the energy per fold. The terms inside the brackets
are the free energy per unit volume of crystalline region.
This is muitiplied by the overall volume fraction of CB
material.
The next term in eq 3.3 is the contribution of the
amorphous region. From eq 2.23 this can be written as
Poa 1 pd
fam = " Zen In (gca(Zca))e - EJ; dx wealx)pcalx)
(3.5)

fioc is due to the localization of the joints:

Poc 1 d
=— —In|— 3.6
fio poa Zc " (20) (3.6)
and finally f;,, is the change in interaction energy. Using
the gradient expansion, we obtain

- 1 pod
fint = XaB)~Pcadce + Ej; dx | ¢calx)dcr(x) —

2 d d
% L fea®) - dcs(®) H 3.7)

where x,p is the Flory-Huggins interaction parameter
defined by using py, as the reference density, xag = pogUag,
and ¢ is the short-range parameter, o2 = V,5/U,p, which
is assumed to be of molecular size, 6 = b,. The integrand
in eq 3.7 is nonzero only in the interphase regions.
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Evaluating f,, is by far the major task. For a given d,
we solve for the polymer distribution function self-con-
sistently to obtain (gca(Zca)), ete. as shown in Appendix
B. Asdiscussed in the preceding section, for this part of
the calculation we need consider one amorphous layer
including the two bordering interphases. We define ¢%:4
as the average of ¢ca(x) in this region (see eq 2.9) and ¢%c4
is less than unity because it decreases rapidly in the in-
terphase region. Since @, = (d/dy)pca, we have

dcalx) = poar(x) + deaslx) (3.8)
where
Zea
P fo dt gealx,t)goau(x.Zca — t)
Gonlx) = Zca 2(qcailZca)) (39)

The distribution functions all satisfy the same differential
equations and boundary conditions

b2, 52
;%q(x,t) = [ —Aa—2 ~ wealx) ]q(x,t) (3.10)

6 ox
q(0,t) = qldat) = 0 (3.11)
but different initial conditions
qea(x,0) = 1 (3.12)
gcai(x,0) = b(a - x) (3.13)
Gean(x,0) = 0[x — (d4 — a)] (3.14)

Since we assume that the volume fraction is unity between
the interphases and is determined by the nature of the
folding of the CB block via ¢calx) = 1 — ¢cplx) within the
interphases, our procedure is to determine the unknown
potential wcy (x) such that volume fractions as calculated
by using eq 3.8-3.14 sum to unity at all points.

Our goal in this paper is to calculate the variations in
AF/poaV with lamellar thickness d, but not its overall
magnitude. That would require detailed knowledge of the
reference (melt) state, the crystallization of the CB block,
and the fold surfaces. Without this information, we do not
know the density profile of ¢ca(x) in the interphases.
However, we need only to ensure that we do not introduce
spurious variations in ¢¢,(x) as we vary d,. Hence, we first
complete the full self-consistent calculation for one value
of d,, requiring only that ¢ca(x) = 1 in the interior region,
a < x £dy - a, with ¢ca(0) = ¢caldy) = 0. This calculation
yields profiles ¢pa(x) in the two subintervals [0,a] and [d,
- a,d,]. In all subsequent calculations, these profiles,
together with ¢cs(x) = 1 in the interior region, were used
as the “target” ¢ca(x).

It is useful to note that in solving the self-consistent
equations, there is no reference to the crystalline regions.
Indeed we can rewrite eq 3.5 as

_ 1
fam = ¢CA[°Z_ In {gcalZca))a -
cA

1
dad®ca

The part in the brackets depends only on the amorphous
region; the crystalline part enters through the prefactor.
In fact, it is not difficult to show (see Appendix C) that
this entire term can be written in the functional form

fam = (Bca/Zca)g, () (3.16)

da
j; dx wCA(x)quA(x)] (3.15)

where
a = (3/Zca)V*(da/ba) (3.17)
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Figure 4. Effects of changes in layer thickness. For relatively
thin layers (upper diagram), there are many folds per crystallizable
block and the joints at each interface are on average relatively
far apart. n denotes the number of folded sections of the crys-
tallizable block. The amorphous blocks each extend fully across
the (narrow) amorphous region. For thicker layers (lower dia-
gram), the crystallizable block partially unfolds and the joints
are closer together. The amorphous blocks each reach to only
about the midpoint of the domain (see Figures 5 and 6 for further
discussion).

is a measure of the thickness of the region relative to
unstretched blocks and

Y = (l/ZCA)l/z(a/bA) (318)

is a measure of the thickness of the interphase relative to
the unperturbed chain.

Using eq 3.3 and 3.16, we can identify g, () as the free
energy per molecule of the amorphous region. Once it is
known, it can be used for amorphous blocks of any Kuhn
length b,, degree of polymerization Zs, and reference
density pgs. As well, it can be used in conjunction with
any crystallizable block to provide a description of any
partly crystalline copolymer. The connection between the
two blocks is through the joints whose density per unit area
in the interphase region is

6 = (d/2Z¢)poc (3.19)

Increasing d implies an increase in § as illustrated in Figure
4. Partitioning each interphase into equal halves asso-
ciated with the adjoining layers, the overall thicknesses of
the amorphous and crystalline layers are given by

&A = &CAd (3.20)
dg = ¢cpd (3.21)
where dy = d, —a and dp = dp — a consistent with eq 2.3.

4, Self-Consistent Calculations for the
Amorphous Region

We have carried out self-consistent calculations for
values of the interphase thickness parameter, vy (eq 3.18),
equal to 0.05, 0.10, 0.15, and 0.20, with the lamellar
thickness parameter, « (eq 3.17), varying from about 1 to
nearly 8. For all calculations in this paper, we have taken
the range of the potential to be zero (¢ = 0). The detailed
procedure is discussed in Appendix B. Typical density
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VOLUME FRACTION

da (nm)

Figure 5. Variations in polymer volume fraction with domain
thickness dj for v = 0.20, corresponding to the schematic diagram
shown in Figure 4. The distance scale at the bottom corresponds
to PS blocks with Z¢, = 100, for which case the interphase has
thickness a = 2b,. The top panel shows the case of a narrow layer
(o = 1.2) and low surface density of graft points at each side, with
the amorphous blocks squeezed by the crystallizable blocks. The
lower panels correspond to higher surface densities of graft points,
and larger . For a > 4, each block reaches only to about the
middle of the domain and must stretch in so doing.

profiles are shown in Figures 5 and 6.

Figure 5 shows density profiles for the case v = 0.20 and
five values of o ranging from 1.2 to 6. The distance scale
that is included is for the particular case Zc, = 100, in
which case the interphase has thickness ¢ = 2b,. The
profiles themselves apply to any value of Z,. For exam-
ple, for Z, = 400 we would have a = 4b,, and the distance
scale would be doubled (out to about 49 nm for o = 6).

The uppermost panel is for @ = 1.2. This corresponds
to relatively small d, and low surface density of graft
points at each side. We see that the total volume fraction
of amorphous copolymer increases from zero at x = 0 to
unity at x = @, remains at unity until x = d, - a, and then
decreases to zero at x = ds. Each individual contribution,
odcar and éogo, peaks near the corresponding boundary
region but is zero only at the ends. This implies that each
block reaches across the entire region, although not with
uniform volume fraction.

Increasing « (subsequent panels in Figure 5) corresponds
to larger d, and increased surface density of graft points.
Consequently, the peaks in the individual ¢ca; and ¢cas
are higher, and the corresponding profiles do not reach
completely across the interval. For o = 4, the peaks have
reached unity, and the individual blocks reach only part
way across. As « increases further, the peaks become
plateaus, so that ¢ca; and ¢cas are each unity over a finite
range. Of course the total volume fraction ¢¢, is unity
throughout the range x ¢ [a,ds — a] within the accuracy of
the calculation. It is interesting to note also that once the
interval is sufficiently large that each block does not reach
to the far interphase, the profiles of ¢ca; and ¢ca. at the
center of the domain are independent of «. Only the
extent of the plateaus changes in this regime.

Figure 6 shows similar results, but for the much more
narrow interphase corresponding to v = 0.05. Again, we
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Figure 6. Variations in polymer volume fraction with domain
thickness for v = 0.05. Particularly for a > 4.0, the individual
profiles are nearly the same as for v = 0.20 in Figure 5, except
near the crystalline wall. The distance scale corresponds to PS
blocks with Zg, = 1600, in which case a = 2b,.

include a distance scale, but this time corresponding to Z¢,
= 1600, implying an interphase of thickness a = 2b,. As
for Figure 5, this can be used for other values of Zg, im-
plying rescaled distances. Otherwise, the behaviour is
similar to that shown in Figure 5, except for the more rapid
rise (relative to the entire interval) in the volume fractions.
A small difference is that, in this case, plateaus have de-
veloped for a = 4, whereas they were just beginning to
appear for this value of « in Figure 5. Note that for « =
4, the individual profiles at the center are nearly identical
for the two cases (y = 0.05 and v = 0.20), when plotted
as a function of . The width of the overlap region is seen
to be

dy = (Zca/3)Y%4 (4.1)

independent of both « and v (and hence the interphase
thickness) but clearly dependent on Zg,.

We have included the bottom panel to illustrate the
limitations on the calculations at large . As the molecules
are forced into conformations such that the volume frac-
tions ¢caq and ¢cys equal unity over larger regions, it be-
comes more and more difficult to achieve self-consistent
solutions. The difficulty appears as oscillations in ¢4 near
the center of the interval. As discussed in Appendix B,
we included the results only if the mean squared error in
the converged solutions was less than 0.02.

We can quantify the stretching of the individual mo-
lecular blocks by calculating the reduced weighted average

3 1/2<x2>1/2
Xred = (Z_CA) bA (42)

dy
j; dx x2¢pca;(x)
() ————— (4.3)

da
fo dx ¢ea(x)
Figure 7 shows x,.4 as a function of «. It varies from x4

~ 0.5a for small « to x,,q4 =~ 0.3 for large a. There are
three scaling regimes, summarized by

where

Xeg =@ aZSl
~a’ 25a53
=a a4 (4.4)
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Figure 7. Extension of amorphous blocks as a function of the
scaled domain thickness a = (3/Z¢,)!/%d,/bs. The extent of the
blocks grafted to each side is measured by x,.4, as defined in eq
4.2. For very small « (a < 1), each block extends fully across the
narrow domain, and x,.q scales approximately linearly with o. As
a is increased, the blocks expand more slowly, until o« ~ 4. Beyond
this value, each profile reaches to the middle, and x4 again scales
approximately linearly with a.

We can understand these results from Figure 5. For o 2
4 each molecule extends approximately to the midpoint,
and as noted before the profiles in the overlap region are
nearly independent of «; thus x,.,4 must scale linearly with
a. For 1 S a S 4, the individual profiles change as «
changes, and x,.4 varies more slowly, scaling approximately
with a®3 over part of the interval. For a < 1, each block
is constrained by both boundaries of the domain, and as
«a is reduced, the blocks are compressed; once again, x,4
scales linearly with a.

It is easy to show that in the limiting case of very large
a in which each molecular distribution fills one half the
region, then

Xred = 0.3« (45)

In the other limit of small « in which each molecule ex-
tends uniformly over the entire domain, ¢cay, dcas = /o
throughout, and

Xreq = 0.6 (4.6)

These limits are not reached in our calculations. But on
this basis, we would expect the ratio x4/« to fall from near
0.6 for small a to 0.3 for large a. Once this ratio reaches
0.3, x,,q should scale linearly with «. This is in agreement
with the full calculations. We now turn our attention to
the free energy function g,(a), shown in Figure 8. The four
curves correspond to the four values of the parameter v;
the actual value of the interphase thickness can be calcu-
lated from eq 3.18. For example, with Zo, = 100, the four
curves correspond to a = 0.5b,, by, 1.6b,, and 2bs. For Z¢,
= 400, they correspond to a = b, and larger values of a.

Consider first the « dependence. Each curve has a
minimum, occurring near « ~ 4 (depending on «). If there
were no driving force due to the folding of the crystalline
block, then this alone would determine the equilibrium d4
and hence the overall d. Using x4 as a measure of the
stretching of the individual molecules, we find that this
minimum occurs at

Xred = 1 (47)

which describes the x component of the root-mean-square
end-to-end distance of an unperturbed chain.

There is also an increase in g with decreasing v; i.e., as
the interphase is made narrower, the free energy f,, in-
creases. This is reasonable because the volume fraction
¢calx) must rise more steeply and remain constant (equal
to one) over a greater distance (see Figures 5 and 6). The
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Figure 8. Plot showing g.(a), a universal function of v and «
which corresponds to the interphase thickness and amorphous
domain width, respectively, relative to the dimensions of the
unperturbed block. With this function, f,,, can be calculated for
any Zca, ba, or pga and hence for any amorphous block.

Table 1
Summary of Free Energy Calculations for the Amorphous
Region
A B
gy(a) = at+ —+C
v e
surface
parameter vy A i B C
0.05 0.0159 2.11 0.740 0.13
0.10 0.0160 2.24 0.739 0.21
0.15 0.0158 2.33 0.731 0.23
0.20 0.0171 2.34 0.730 0.19

number of possible molecular conformations clearly de-
creases as these constraints become more severe, leading
to higher free energies. Physically, one might anticipate
that g could be described by a Flory-type expression in-
cluding the elastic free energy and the interfacial tension

g~ Cla"‘ + Cz/a + 03 (48)

This expression fits the curves shown in Figure 8 with
root-mean-square errors of about 107 over the entire range
of a. In fact C,, Cy, and C; scale with v in a simple way,
at least for v < 0.15. Writing eq 4.8 as
g~ Aa“+£+c 4.9
vy

then A, B, and C are nearly independent of v and are listed
in Table I. For completeness, we have included in Table
I the constant C even though it is insignificant in the larger
« regions which are of interest in the copolymer problem.
With eq 4.9, we can extrapolate g, () to larger « and in-
terpolate and extrapolate to values of «.

Equation 4.9 can be compared with previous work on
amorphous copolymers. Using the definitions of a and ¥,
absorbing factors of /3 into new constants A’ and B/, and
dropping the last term, we can rewrite g as

1/2
bay/ Zea da Y b%s \Zca
g~ Al —— — )} +B| =
a bar /ZCA a dy

(4.10)
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Figure 9. Model morphologies. In the single-layer model (upper
half of figure) each PEO block extends fully throughout the
domains, and folds occur only in the interphase regions between
domains (ref 1 and 2). In the double-layer model (ref 3-11), each
PEO block reaches, on average, halfway across the domain, and
the number of folds per molecule is approximately doubled. There
may be noncrystalline regions within the PEO blocks. Note that
for a given thickness dg, the surface area per joint (¢ in eq 3.19),
and the thickness of the amorphous layer, d,, are the same for
the two models. The free energy is higher for the double-layer
model than for the single-layer model because of the additional
folds.

S

(

Helfand and Wasserman,* Semenov,!’® and Ohta and
Kawasaki'® found corresponding results

m
z

) + BB (411)
da

g= A\ ——=
b/ Zea

Helfand and Wasserman!* numerically found u = 2.5,
whereas in the limit of infinite molecular weight Semenov'®
and Ohta and Kawasaki'® analytically found u = 2. In this
work, we find u = 2.3 for small Z, (v = 0.20), decreasing
toward p = 2 for larger Z, (decreasing v). We also find
explicit dependence on the interphase thickness in both
terms; Ohta and Kawasaki'® found the same dependence
for the second term.

5. Crystalline Free Energy

We model the crystalline region as a semicrystalline layer
of folded CB blocks. In order to calculate the free energy
fa» we need to know the crystallinity r, the number of folds
per molecule n, the heat of fusion AH;, and fold energy
Efold'

We investigate two models for the crystalline layer, %17
which are shown in Figure 9. The first, which we call the
“single-layer model” is shown in the upper half. Each CB
block traverses the entire crystalline layer, with no folds
in the interior. There may be some noncrystalline parts;
we characterize this by the degree of crystallinity, . The
geometry of this model allows for layer thicknesses such
that the free end of a CB block terminates either in the
CB-CA interphase or in the center of the crystalline region.
If n denotes the number of segments per molecule (trav-
erses of the crystalline layer) and Ly is the extension of
a fully extended block perpendicular to the lamellar face,
then n = Lg/dp can be integer or half-integer. The number
of folds per molecule is then
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n;= Lg/dg—1 n integer
= Lg/dg - % n half-integer (5.1)

In practice, there may be “end effects” which we have
neglected, but which force the free ends to lie at the la-
mellar surfaces. However, anticipating the results of
sections 6 and 7, we find that in all cases our model gives
the lowest free energy for the case of integral n, so that
even without end effects the equilibrium morphology
corresponds to the free end being at the surface.

The second model, which we call the “double-layer
model”, is shown in the bottom half of Figure 9. Each CB
block traverses only part way through the layer, before
folding back. This morphology is suggested by the work
of Gervais and Gallo,**° who obtained electron micrographs
of freeze fractures occurring preferentially in the centers
of the crystalline block.

For fully crystalline CB blocks, the single-layer model
has the lowest free energy because for a given dg there is
less folding. This would imply that the double-layer
structure occurs because of nonequilibrium effects. How-
ever, this might not be the case for semicrystalline CB
blocks. Because the noncrystalline CB material is found
to be concentrated in the middle of the CB layer, the fold
energy associated with the inner surface may be reduced.
In the extreme, there may be none at all, in which case the
only fold surface is at the CB-CA interphase and the fold
energy is the same as for the single-layer model. In
practice, we expect at least some fold energy to be asso-
ciated with the interior region.

In order to address this question theoretically, we need
a detailed analysis of the semicrystalline regions, which
we do not undertake. Instead, we shall consider two cases,
namely, the single layer model and the double-layer model
with complete folding in both regions. We note that the
results for the extreme example of the double-layer model
but with no folding in the inner regions are nearly identical
with those for the single-layer model (because the number
of folds per molecule is the same).

We assume that the crystallinity 7 is independent of
lamellar thickness. This may not be the case in none-
quilibrium samples in which the kinetics of growth may
determine both lamellar thickness and 7. However, we are
unaware of any evidence to suggest that at equilibrium 7
varies with d. With this assumption, the product rAH; is
independent of d, and the d dependence of f,, is due solely
to the folds. We denote this contribution by f: 4.

6. PEO-block-PS

In this section, we apply the formalism to the specific
case of PEO-block-PS.1-5%11 Unfortunately, there is a
paucity of experimental equilibrium data; with one pos-
sible exception, all of the quoted results are for samples
not in thermodynamic equilibrium.

For the amorphous free energy, we use the calculated
g, (a) of section 4. We take for the density of pure PS8

poa = 5.782/{0.9199 + 5.098 X 1074(T - 273) + 2.354 X
1077(T - 278)% + [32.46 + 0.1017(T - 273)] /M} nm™3
6.1)

where T is the temperature in kelvins and M = 104.15Z¢,
is the molecular weight of the PS block.

For the PEO block, we use p%p = p%p; i.e. the amorp-
hous and noncrystalline PEO densities are equal. The
crystal structure!® is monoclinic, with the unit cell ¢ axis
of length ¢ = 1.93 nm. The volume of the unit cell is 1.653
nm?. Four chains spiral through, each in a helical structure
containing seven monomers and two turns (7, helix). Thus,
pCOB = 16.9 nm"3.
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Figure 10. Theoretically calculated individual contributions to
the free energy for PEO-block-PS with Zpgg = 945 and Zpg = 400
and interphase thickness a = by, for the single-fold model. The
copolymer here has equal molecular weight blocks. We plot the
free energy due to the folds, fi,q, for only integer and haif-integer
values of the number of segments of the crystallizable block but
the other contributions as continuous functions of the total la-
mellar thickness d. The total free energy, 4f, is the sum of the
four contributions shown; for convenience, we have not included
the constant term due to the heat of fusion. For this case Af is
a minimum at n = 4, corresponding to a thickness d = 141 nm.

To calculate the energy, we need to know the number
of folds per molecule. In the single-layer model, the
number of segments per molecule is

Zeg ¢ PoB
8 oo e ——
" 7 dg Pos 62

and the number of folds per molecule is given by eq 5.1.
Note that since the crystallographic distance ¢ accommo-
dates seven monomers per chain, fully extended, perfectly
crystalline chains would produce dg = (Zcg/7)c, and there
would be no folds.

In the double-layer model, the number of segments per
molecule is twice as large

e _c Do (6.3)
7 dg/2 Bop

Finally we choose AH; = 2.33 X 107 J nm™, and Eq =
1.6 X 10720 J.17 As discussed above, the value of AH; does
not affect our prediction of the equilibrium spacing.
However, since it is the folding energy which drives the
system toward larger d, our results do depend on the value
of E¢yq.

The last quantity we need is the interaction parameter
xap- Here we take x,g = 0.5, which is the value for PS-
PDMS since the value for PS-PEOQ is not readily available.
As we shall discuss below, any error here is insignificant
since f,,; is almost completely independent of d.

In Figure 10, we show typical results for all the con-
tributions to the free energy for the single-layer model for
the case of Zpgo = 945 and Zpg = 400 and an interphase
thickness a = b, (d,; is replaced by f;,q since we have not
included the large but constant heat of fusion term). The
values of Zppg and Zpg correspond to a 50/50 copolymer
by weight. Note the slow, logarithmic increase in fi,. and
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Figure 11. Theoretically calculated equilibrium number of
segments per PEO block as a function of Zpg, for a = b,. The
results are independent of the degree of polymerization of the
PEO block; this figure applies for any Zpgg. For given Zpg, we
find approximately 1.6 times the number of segments in the
double-layer model as in the single-layer model. In either model,
ne, scales approximately as a power of Zpg; the dotted lines
correspond to a power of 5/12 (see section 7).
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Figure 12. Theoretically calculated equilibrium thickness of the
amorphous layer relative to the unperturbed PS8 block, for a =
bs. As for the number of equilibrium segments of the PEO block,
g is independent of Zpgo. The apparent irregularity of a, is
due to the integer values of n,,. However, there is a general
increase in ag with Zpg. The dotted lines through the calculated
points correspond to a power law relationship with a power of
about 1/12 (see section 7). For given Zpg, o, for the double-layer
model is increased by a factor of 1.25 relative to its value for the
single-layer model.

the very slow decrease in f;,, with increasing d, arising from
the constant interphase thickness as d changes. The
amorphous free energy contribution grows with increasing
d because of the greater stretching, whereas f;,,q decreases,
due to the unfolding of the molecules for larger d. The
total free energy has a minimum corresponding to four
segments or three folds per chain. It is clear that only fi4
and f,., determine the equilibrium spacing.

Figures 11-13 exhibit the main numerical results of this
section. They illustrate the equilibrium values of the
number of segments per crystallizable block, n., the
thickness of the amorphous layer relative to the unper-
turbed amorphous block, o, and the total repeat distance,
d.;. We show results for the single- and double-layer
models. The calculations were done for degrees of po-
lymerization Zpgg = 400 and Zpgpg = 1600 and for each of
these cases for Zpg in the range 200 < Zpg < 2000. We do
not expect that copolymers with highly disparate blocks,
e.g., Zppo = 400 and Zpg = 2000, necessarily form lamellae.
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Figure 13. Theoretically calculated equilibrium repeat distance
as a function of molecular weight for single-layer model (upper
panel) and double-layer model (lower panel). In all cases, if Zpg
> Zpgo, d increases with increasing Zpg. However, for Zpg > Zppo,
d is approximately 1.25 times larger for the double-layer model
than for the single-layer model.

However, we do not attempt to calculate where possible
morphological changes might occur.

Consider first Figure 11, which shows the number of
segments per PEO block as a function of Zpg for both the
single- and double-layer models. Note first that the results
for Zppo = 400 and for Zpgg = 1600 are identical. In fact,
this is an example of a general result; in all our results n,
is independent of Zpgo. In addition, n,, is always integral.
This might be the case for the double-layer model, or else
the joints would not all be in the interphases. As discussed
above, for the single-layer model n,, could in principle be
half-integral; this can be analyzed as follows. To begin,
consider an integral number of folds, n. If the layer
thickness were increased slightly so that n is replaced by
n -1/, then there would be no change in the number of
folds per PEO block. However, each PS block would have
to be more stretched, leading to a higher free energy. On
the other hand, if the layer thickness were decreased
slightly so n is replaced by n + !/,, then one additional
fold per CB block would be introduced, and the fold energy
increased. The PS block would be less stretched, but in
all cases we find that the increase in fold energy is greater
than the reduction in f,, and an integral number of seg-
ments always minimizes the free energy (even neglecting
end effects). Next note that for a given Zpg, the double-
layer model has approximately 1.6 times the number of
segments as the single-layer model. This implies that the
layer thickness is approximately 1.25 times smaller for the
single-layer model.

Since n,q is not continuous, the values do not fall pre-
cisely on any smooth curve. However, in Figure 11 they
lie near a straight line, approximating a power law rela-
tionship n., = Zpg*, with » =~ 0.4 for each model as illus-
trated. This is discussed further in the next section.

Figure 12 shows a,, vs Zpg for the amorphous region.
Since 6 < g < 12, we are at least in some cases extrap-
olating the calculated g,(«). Note that a,, is not a con-
tinuous function (due to the integral changes in n.).
However, the results are consistent with an approximate
but weak dependence a,, = Zps®, where w ~ 1/12. For
the double-layer model, o, is about 1.25 times larger than
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for the single-layer model. Again, we emphasize that o,
is independent of Zpg.

Figure 13 shows the repeat distance d as a function of
Zpg for the single-layer (upper panel) and double-layer
(lower panel) models. Since it is the number of segments,
ney, Which is independent of Zpgg, the thickness of crys-
talline layer, dp, scales linearly with Zpgp, and so d depends
on both ZPEO and Zps. Note that for ZPEO =< Zps, this
dependence is slower or possibly even reversed. This is
suggested, in particular, for the case of Zpgg = 1600 in each
model. Comparing the two models, d is always larger for
the double-layer model than for the single-layer model.

7. Discussion

In a series of papers, Gervais, Gallot, et al.*!! examined
the morphology of crystallizable block copolymers with and
without solvent preferentially soluble in one of the blocks.
They studied PEO-block-PS, PEO-block-PBD, and PCL-
block-PS, in which PEO and PCL formed the semicrys-
talline blocks. In particular, they looked at the effects of
different molecular weights, solvent concentrations, crys-
tallization temperatures, and crystallinity and measured
chain folding and lamellar thickness. Most of their data
appear to be for nonequilibrium samples. Also, because
of polydispersity, the ends of at least some PEO blocks
must be within the crystalline layers and some folding
occurs within the layers. Finally, they interpret their re-
sults using the double-layer model. In spite of these dif-
ficulties, it is interesting to compare our results with overall
trends which they have identified.

First, the crystallized structure is always found to be
lamellar, as we have assumed. Second, they find that the
variation in crystallinity 7 with the amount of folding is
less than can be observed experimentally, consistent with
our assumption that 7 is independent of d as discussed in
section 5. The PEQO and PCL folding was found to depend
on the relative molecular weights of the two blocks and
the crystallization temperature. In particular, for PEO-
b-PS, with fixed Zpgg the number of folds per block, n;,
increases with Zpg; for less than 50% PEO by weight, n;
is independent of Zpgg and is determined solely by Zpg.
For larger PEO content, n; increases with both Zpg and
Zpgo. The number of folds decreases with increasing
crystallization temperature, an indication of nonequilib-
rium effects. With Zpgg = 125 and Zpg = 34, Gervais and
Gallot! find n; = 8 at a crystallization temperature T =
10 °C, decreasing to n; = 5 at T = 43 °C. Using the
double-layer model, for these degrees of polymerization,
we calculate n; = 2 if we assume complete folding at both
surfaces and n; = 3 if we assume there is no fold energy
associated with the amorphous PEO in the interior of the
semicrystalline layer. The comparison of our theoretical
results with these experiments is further complicated by
the fact that these are highly disparate block lengths, Zpgg

.=~ 47Zpg, and so kinetic effects which usually dominate in

polymer crystallization may still be significant. Even if
the measurements at T¢ = 43 °C are for an equilibrium
sample, a detailed comparison requires an accurate value
of the fold energy E,q. Given these uncertainties, we
consider the agreement between theory and experiment
to be encouraging.

Earlier work by Skoulios et al.! and Franta et al.? can
be used for a second, albeit indirect, comparison. In
PEO-block-PS/solvent systems, they measured domain
thicknesses as functions of block molecular weights,
crystallization temperature, and solvent concentration. In
one series of measurements, they determined the thickness
of the PEO layer as a function of 7 for a copolymer with
number average degrees of polymerization Zpgg, ~ 380 and
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Zpg = 80, in which the PS was swollen with 30% ethyl-
benzene.? They found dpgg =~ 11 nm for T = -20 °C,
increasing to dpgp =~ 19 nm at T = 42 °C. Interpreting
these data using the single-layer model, these results
correspond to the number of folds per block decreasing
from n; = 8 at T = —20 °C to ny = 5 at the higher tem-
perature. In a related series of measurements done at T
= 25 °C, it was found that when the solvent concentration
was reduced, n; decreased. On the basis of the two sets
of measurements, we conclude that for pure PEO-block-PS
at equilibrium, n; < 5. In our model, we calculate n; = 2.

We can obtain scaling relations which predict all of the
calculated trends. Recognizing that the only significant
variation in the free energy density comes from f 4 and
fam, We can approximate the d dependence of f for large
a by

POB_ ng Efold Bca

CBZ kT Zea

In the region of equlhbrlum, a is large enough that g.(«)
can be approximated by the first term

g,(a) =~ 0.016a#/1/ (7.2)

The number of folds is ny = n — 1, and the number of
segments per molecule is

fld) = gy(a) (7.1)

ZCB C
n= W—R—' zi—B' (7.3)

where R is the number of monomers per crystallographic
length ¢ (R = 7 for PEO) and W = 1 or 2 for the single-
or double-layer models, respectively. For obtaining the
scaling relations it is adequate to take d, = d,. Using ¢x
= d,/d = (Zcwpoc)/(Zcpod), €q 7.1 becomes

poc J[ We oon Ze | Eiaa
pOAZC R Poc d

b h (1724 #
0. 016(3“/2)( foc ) 2 ZCA<1+2~>/4( g ) (7.4)
poa) +a Zc

Minimizing with respect to d and dropping numerical
constants, we obtain for the crystalline segments

/(1w 1/(1+w)
Mg & WH/W+) Zex (7.5)
Efold

and for the amorphous blocks

yasal g 1/(1+y)
PoB fold
o« W/t — —_— VAN 7.6
aeq [ Poa ] [ kBT ] CA ( )

and for the overall repeat distance
[POBPOA 1/ Y gz
kBT

fld) ~

« WU/ (144 (7.7)

eq v
Zea

In these results, v = (1 + 2u)/[41 + W] andw =1/, ~v.
Both peg and pys are constant, and pyc depends only slowly
on the ratio Z¢s/Zcg. Neglecting this dependence and
taking 4 = 2, we thus have

kBT 1/3
Mg W2/3[ Z ] Zo 512 (7.8)
fold
E 1/3
aeq o« Wl/3[ kfo;] ZCA1/12 (79)
1/3
eq WI/S[ fold ] ZCZCA 5/12 (7.10)
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Combining these with eq 3.17 and 7.3, the individual layer
thicknesses scale with degrees of polymerization as dg «
ZCBZCA_S/H and dA o« ZCA7/12'

These simple results are in good agreement with the full
calculations. First, we note that the scaling is the same
for the single- and double-layer models. Next we see ex-
plicitly that both n,, and «,, are independent of Zcg and
scale as Z,%/'% and ZCAI/ 12 respectively These exponents
are related as follows. If the number of segments, n, were
independent of Z,, then d, would scale linearly with Z¢,
to maintain constant density and «, would correspond-
ingly scale as Z:,'/!%. However, since Neq < Zca'’ (eq 7.5),
the change in foldmg gives oy ZCA&/ 2v, Thus, the
variation in folding almost entirely compensates for the
variation of w, with Z¢, at equilibrium. Finally, the
equilibrium layer thickness d scales as ZcZcy 512, For Zea
& Zp this tends to ZcpZc,78/12, increasing with increasing
Zcp but decreasing with increasing Zca. For Zoa > Zcp,
it tends to Z¢,7/'? independent of Z¢g, but increasing with
increasing Zg,. Although these extreme limits are not
reached in our calculations and presumably would not
occur in real systems because of competing morphologies,
the cross-over behavior evident in Figure 13 is in agreement
with these trends. Finally, note that all these results scale
approximately as [Egq/kgT]*"%.

The differences between the single- and double-layer
models appear in the prefactor. Compared with the sin-
gle-layer model, for the double-layer model n,, and «,, are
predicted to be larger by factors of 2%/% ~ 1. 6 and 217% ~
1.25, consistent with our numerical work. The total repeat
distance is also larger by a factor of about 1.25.

Finally, note that eq 7.3—-7.10 apply to any crystallizable
diblock copolymers; thus, we predict the same scaling laws
and general behavior for all such materials. This is con-
sistent with the experimental results of Gervais et al.*!!
Their results for PCL-block-PS were similar to those for
PEO-block-PS, except that the influence of the PS block
on n¢ was reduced. This reduction may be due to none-
quilibrium effects.

8. Conclusions

We have presented a theory of the equilibrium mor-
phology of diblock copolymers in which one block is
crystallizable and the other amorphous. The amorphous
blocks are modelled as flexible chains, which we describe
by a mean field self-consistent theory of the polymer
distribution functions. The crystallizable block is modelled
as a semicrystalline, folded chain, lamellar structure. The
chemical bonds joining the blocks are localized in inter-
phases between the amorphous and crystalline regions.

The expression for the free energy can be interpreted
as a sum of four main contributions: the free energy of
the amorphous block, that of the crystalline block, the
interaction energy of the two blocks, and the reduced en-
tropy due to the localization of the copolymer joints to the
interphases. The first two are the significant factors that
control the equilibrium lamellar thickness.

The free energy of the amorphous block can be ex-
pressed as a universal function, g, of two arguments, one
specifying the thickness of the amorphous region relative
to the size of unstretched molecule and the other specifying
the relative thickness of the interphase. As the spacing
increases, this energy increases due to the increased
stretching. For a given stretching, the free energy is higher
for a narrow interphase.

The crystalline free energy is characterized by the heat
of fusion and the fold energy. For a given molecular
weight, as the lamellae thicken, the crystalline blocks un-
fold, thus reducing the free energy. We have calculated
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equilibrium morphologies for a variety of relative molecular
weights for the specific case PEO-block-PS. The results
can be summarized by focussing on the number of seg-
ments, 1, in each crystalline block and the stretching of
the amorphous block, a., which depend on the degree of
polymerization of the amorphous block but are inde-
pendent of the degree of polymerization of the crystalline
block. Both these quantities increase as the cube root of
the fold energy. These results are summarized by eq 7.8
and 7.9. The equilibrium repeat distance, d, depends on
the degrees of polymerization of both blocks. This is
summarized by eq 7.10. A slight equilibrium temperature
dependence is also predicted for all these quantities.

There is very little experimental data available for
comparison with theory. We end with an appeal for
equilibrium measurements on these types of systems, as
well as accurate determinations of the fold energies for the
crystalline blocks.
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Appendix A. General Theory of Multicomponent
Systems

The starting point of the general theory is an expression
for the partition function of a system of copolymers,
homopolymers and solvent molecules, which can be written
asl?

¢ 2N
Z= I;IN—K! X

N N
S @) or 0PI, 0D X

8 1=

N b/ -
J @ breyOPirca DT orcs () Plres ] X
N
f {Iclr:ﬁlé[rcm(zm) - rep(Zep)ll X eV (A1)

In our notation « denotes any type of component, s solvent,
p homopolymer, and C copolymer. There are IV, solvent
molecules of type s and N, and N¢ homopolymers and
copolymers of types p and C, respectively. The degrees
of polymerization of homopolymers are denoted Z, and N,
= N,Z, is the total number of monomers of type p. The
degree of polymerization of the copolymers is Z; = Z¢g +
Zca, where Zcg and Zg, refer to the B and A blocks.
Different components (e.g., different types of homo-
polymers) could refer to differences in chemical species,
molecular weight, tacticity, etc.

In eq A.1, z, is the partition function due to the kinetic
energy of a molecule of type x. The C over the product
sign indicates that for that product the copolymer is to be
treated as a single component. The integrals are over all
space curves r(-) which represent possible configurations
of the macromolecules. The homopolymers and the
amorphous blocks of the copolymers are modelled as
flexible chains. The corresponding probability density
functional for a given space curve is assumed to be of the
standard Wiener form

Z,
Plr ()] « exp| - %j; dt i'KZ(t)] (A.2)
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for k = p, CA, with b, the Kuhn statistical length of a single
segment of the polymers. This function describes the
intramolecular bonding. For the crystallizable blocks (CB)
these interactions will be included in the heat of fusion and
fold energy so that P[rcg(-)] does not need to be specified
in this case. The Dirac delta functions ensure that one end
of each of the two blocks of each copolymer occupy the
same points in space, i.e., that they are bonded together
at the joint.

The microscopic particle densities can be expressed as

Ns
ﬁs(r) = ;15(1' - rsi) (A3)
NP ZP
per) = fo dt 8(r - rp,(t)) (A.4)

where P and J refer to either homopolymer or a block of
the copolymer. Using these and defining W = 8V with kgT
= 1/0 as the unit of energy, the intermolecular potential
can be written

W= [ & f d%p@Wr-pr) (A5

Introducing the & function, we have
e = { MopNTTs(p) - BN (A8)

where W is defined as in eq A.5 but with 5,(-) replaced by
p(+). Using an integral representation of the é function

5[px(') - ﬁx(')] =
W [ 50,) expl f dr w10 - 5,00} A

where the limits on the integral over w, are £i= and N is
a normalization constant, the partition function becomes

c 2,5
Z= HK’" f [[I3p.(-)dw,()] X
C -
(11Q,%) exp[Z [ dr w,(0n,() - W] (A9

with
Q, = f d3d et (A.9)

Q= [6r0) Plr, exp}- “dt aplr®]] (A0

Qc = [ orext) Plrcs®)] expl- fdt weylrca®)] %

- Zcg
srca()Pleca()] expl- [T dt wealrea(®]] X
6[rcalZca) — rea(Zep)] (A11)

Equation A.8 is formally the same as the expression de-
rived earlier for amorphous copolymers. Equations A.9
and A.10 are also the same. However, the expression for
Q differs from the earlier result by the fact that one
copolymer block is crystallizable, formally through the
appearance of Pcp.

As before, Q,, can be written

Q, = [ dr d'r, Qy(r.Z,Iro) (A.12)
where Q,(r,t|r,) satisfies'
9 by?
=% = (?"vz - wp)Qp (A.13)

with the initial condition
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Qp(r,0ry) = 8(r — ry)

except for those regions (values of r) where Qy(r,tiry) =
0. Or, if we introduce

aoirt) = f d'ry Qu(ritiry)

then q, satisfies the same differential equation but is
subject to the initial condition

(A.14)

(A.15)

qp(r,0) =1 (A.16)
except where g,(r,t) = 0.
We also have
Q, = [ g,rz,) (A.17)

As usual, Q,(r,t|ry) can be interpreted as the unnormalized
probability distribution function for a chain of ¢ repeat
units which starts at ry and ends at r; g, is proportional
to the probability that the chain ends at r, independent
of its starting point.

For the copolymers, we can write

Qg =
f dr doro dry d°ry Qoa(rZealro)3(r - r)@en(ry Zeslrs)

Q¢ = fdaﬁ qealry,Zca)dcs(ry,Zcg)  (A.18)
with gca and Jcp defined by

qealryZea) = fdal‘o Qealry,Zealry)  (A19)

Gon(r,Zcp) = fd?’l‘z Qep(r1.Zcalr,)  (A.20)

The functions Q¢4 and g¢, satisfy the same kind of mod-
ified diffusion equations!* (with the appropriate w, and Z,)
as @, and g,. Physically, this is because they describe
amorphous polymer blocks within the same approxima-
tions used for the homopolymers. @cg and §cp, describing
the crystallizable blocks, are not given by the solution of
a diffusion equation. However, from eq A.12, we see that
they are related to inter- and intramolecular potentials in
the same way as Q¢ and gcs. Hence, §ep(r,Zcp) is pro-
portional to the probability that the CB block ends at r.
We will use this below. .

Using Stirling’s expansion for large N, we can write the
partition function {(eq A.8) as

Z = { (Tsp,)60,0)) exp[-Fllo, (e, ()] (A21)

where the free energy functional in units of kg7 is given
by
Flp, (W, () =

c _ N,
[Wio. - f & w.00.@0)] + TN Jin —= -1
(A.22)

The integral of eq A.21 can be evaluated by the saddle-
point method. We thereby obtain the free energy by
minimizing the functional (eq A.22) subject to the con-
straint of a constant number of particles

f a3 p(r) = N,
and no volume change locally upon mixing

Todr) =1

(A.23)

(A.24)

where ¢,(r) is the local volume fraction of component «
defined by
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¢.(r) = p(¥) /po, (A.25)

and p,, is the density of pure material in monomer seg-
ments per unit volume. We introduce Lagrange multipliers
-A, and n(r) corresponding to eq A.23 and A.24, respec-
tively. Minimizing with respect to the p, gives

(r)

Wm0 (A.26)
5px(r) Pox

for all components. Minimizing with respect to the w, gives
-K 5QK

+ - — = :
p.(r) Q. so(r) (A.27)
for the solvent and homopolymer (x = s, p) and

Ne 6Qc

(r)+ — ———=0 A.28

podr) Qc bwe,(r) (A.28)

for the blocks of copolymer (Cx = CA, CB).

Combined with eq A.9 and A.10, eq A.27 gives
ps(r) = (N,/ Qe ™ (A.29)

and
N, .z
pp(r>=5z S dt gyrtgyr.Z, - 6)  (A30)

for solvent and homopolymer. For the A block of the
copolymer

PCA(r) =

NC Zea
Q_cj:) “at qCA(r’t)fdarO Qca(r,Zca ~ tlro)dca(roZcs)
(A.31)

This is the same as eq 4.3 of Hong and Noolandi,'? except
that Gop describes crystallizable blocks and Q is corre-
spondingly modified. We do not need an expression for
ocg analogous to eq A.31 in this paper.

Expressions for the self-consistent potentials for the
amorphous polymers are obtained from (A.5) and (A.26)
as shown earlier.”® For a short-range potential, a gradient
expansion of W gives

W = 1/22WKKp0K'NK + I/QZUKK‘de;r px(r)px’(r) -
o Vi f & Vo, ()T (r) + .. (A32)
Detailed expressions for W, U,,, and V,, are given in ref

13. At this point, we note that V,, = ¢%_U,,, where o,,,
is the range of the potential. Using (A.32) in (A.26) gives

n(r) — n(r®)
= ‘4

Pox

w,(r) = w(r’) +

2
ZU[ po(r) = p (r®) + %(V%(r) - V2p, (r%)

(A.33)

Here r’ is any reference point and w,(r?) is the value of
the potential at that point. Both of these can be chosen
for convenience.

To fully specify w, (r), we need to eliminate the Lagrange
multiplier. If we are dealing with a system in which solvent
is present, then from eq A.29

we(r) = we(r?) = In p (x?) /ps(r)

This can be substituted into eq A.33 to derive an explicit
expression for n(r) — 5(r?), which can then be used to
obtain an expression for w(r) for each component, in terms

(A.34)
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of the density distributions of all components {p,(r)}. In
the case of the pure copolymer, there is no expression for
the solvent concentration to which » can be related. This
case is treated in detail in section 2.

It is convenient to evaluate the free energy F relative
to that of a reference state of a hypothetical uniform melt
in which the density of each component is given by

px = pOx&x (A'35)

¢, is the overall macroscopic volume fraction of component
« and pq, is the density of the pure component. Denoting
the free energy of this by F'*, we focus on

AF = F - Fref (A.36)
where, using eq A.22

K

c. | N
Fef = W(ip)) - & f & ap, + N{ln — - 1

zKQK
(A.37)

and @, and Q, (and p,) all refer to the reference state.
Simplifying this, we note first

W({r)x}) = 1/22WxxpOxNK + VQZ/UKK/fd3r pxpx’ (A~38)
For the solvent, we have
pe = (N,/QJ).™ (A.39)

and for homopolymers, since g,(r,t) is uniform, we obtain
from the “steady-state” solution of the diffusion equation

Gp(r,t) = qp(t)

Gp(r,t) = 7% (A.40)
which is used in eq A.31 to give
By = = Z,e % (A41)
P
Similarly, for the copolymer
Jealr,t) = et (A.42)
which when used in eq A.31 gives
Ne ..
Poa = ‘Q—CZCAe eeateagep(Zep) (A.43)
Using eq A.42 in eq A.18 yields
Qc = e®rZenfog(Zep) V (A.44)

where V is the total volume of the system. Finally, with
these results, eq A.37 simplifies to

Pt = Wiop) + S840 25 - 14+ T, 1 Lo
- P P nZKZK ¢ n‘ch(ZCB)
(A.45)

where for the copolymers pc = NoZc/ V.

The last sum, done over only copolymers, is due to the
crystallizable blocks. Using the above result, along with
eq A.22 and A.36, we arrive at our expression for AF, given
as eq 2.1 of the main text.

Appendix B. Self-Consistent Solution of
Diffusion Equation

The self-consistent solution requires solving the partial
differential equations for q(x,t), q:(x,t), and g,(x,t) and
finding the mean field potential w(x) so that the volume
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fraction ¢(x) takes a prescribed (target) value ¢‘(x) on the
interval [0,d,]. (For simplicity, we drop the subscripts
“CA” in the appendices.)

The equations are scaled so that x & [0,d,] is mapped
onto y € [0,7] and t € [0,Z] is mapped onto t’ & [0,1].
The distributio functions then satisfy [ = g, ¢y, or qo)

1 9 92
Z )= %
T at’ (ay2 ¢ )¢ B0
where
Zm?b,2
=214 (B.2)
6d,?
and
w*(y) = (Z/Thw(x) (B.3)
The initial conditions are
q,0 =1
0:(,0) = 0(‘;—’r - ) (B.4)
A

q2(y,0) = B[y - W(l - d%)]

with the boundary conditions
Y(0,6) = Y(mt) =0 (B.5)

The convolutions are then appropriate modified; for ex-
ample eq 3.9 becomes

1
2 o dt’qlxtng,x1 - ¢)

) = ST ), B
On the interval [0,7], w* is symmetric, and w*(y) = w*(x
- y), and on the interval [0,7/2] it is univalent, rising
monotonically from a finite value to a single maximum w,*
at y, and then decreasing to its value at y = r/2, which
we take as zero for reference. In the subintervals [0,y,,]
and [y,,,7/2], w* is approximated by the test monotonic
functions

e;yi % + g, B.7)

where i = 1 or 2 (for the two subintervals). This de-
scription of w* incorporates seven positive variables, y,,,
wm*, w*(O), fl; &1 fZ, and 82

For a particular w*, the differential equations are solved
via the eigenfunction expansions

q(y’t) = Zane_xntfn(y)
QI(y!t) = ane_xntfn(y) (BS)
%(yyt) = che_)‘"tfn(y)

where the f, and A\, are the eigensolutions of

2
(——6—2 + w*(y) )fn(y) = Mfa(y) (B.9)
dy

and the expansion coefficients are determined from the
initial conditions.

The eigenvalue problem is solved by approximating «*
by a stepwise constant function with equal numbers of
steps in the two subintervals. In each interval f, is a linear
combination of analytic circular or hyperbolic functions,
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with coefficients chosen so that f,, is everywhere continuous
with continuous derivatives.

In constructing the ¢(x) (eq 3.8), ¢,(x), and ¢4(x) can
be combined, with the result that only the symmetric ei-
genfunctions are needed. Depending on the amount to
which the polymer is stretched, i.e., the value of « as de-
fined by eq 3.17, anywhere from 20 to 1000 eigenfunctions
are needed. In order to calculate individually the con-
tributions ¢, and ¢, as in Figures 5 and 6, both even and
odd eigenfunctions are needed, i.e., up to 2000 in total.

The object of the calculation is to find the w* which
produces the predetermined ¢'(x). This is done by min-
imizing the error

€= Z[d)(yn) - d)t(yn)]2 (B-IO)
with respect to the seven parameters of the potential using
the simplex algorithm. Typically we were able to obtain
€ < 0.005, providing three or four significant figures in the
free energy. We found that the largest values of a for
which we were able to find solutions were about seven or
eight, depending on y. Beyond this, the best solutions
achievable had oscillations in the calculated ¢(y). We
terminated the calculations at values of a such that the
error ¢ (as defined above) exceeds about 0.02. Figure 6
illustrates these effects for v = 0.05. In the bottom panel,
for which o = 6, the error is not quite 0.01. As seen in
Figure 7, we calculated the free energy out to « = 6.4 in
this case. On the other hand, our process, coupled with
the functional form of potential of expression eq B.7,
suppresses spurious oscillations in the potential such as
those encountered by Helfand.}4

Appendix C. Functional Dependence of the Free
Energy for the Amorphous Region

In this section, we derive eq 3.16 for f,p.

As discussed in Appendix B, we can map any interval
x € [0,d,]) onto y € [0,7] and ¢ & [0,Z] onto ¢’ & [0,1].
The partial differential equation is governed by the pa-
rameter T given by

T = 7%/2a% (C.1)
where o is the stretching parameter defined by eq 3.17.

The initial conditions are specified in terms of the ratio
a/d, which can be expressed as
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a/dy = (3)Y3(y/a) (C.2)

where v is the surface parameter of eq 3.18. In con-
structing the volume fractions, using ¢* = (d/d,) ¢ and
eq B.6, we have

1
. ﬁdt’q(x,t’)q“(x,l—t’)

) = Sy 2(g,(1)) €9

We have thus reformulated the self-consistent problem in
terms of the two parameters o and y. Turning now to eq
3.15, if we again map the interval [0,d,] onto [0,7], we
recover eq 3.16 with

g,(a) = —n (qcal)), - é.ﬁ,rdy w*(ely) (C4)

which is a function of only « and ~.
Registry No. (EO)(S) (block copolymer), 107311-90-0.
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